Given a field F of characteristic 3 and division symbol p-algebras [α, β) 3,F and [α, γ) 3,F of degree 3 over F, we prove that if αdlog(β) ∧ dlog(γ) is trivial in the Kato-Milne cohomology group H 3 3 (F) then the algebras share a common splitting field which is an inseparable degree 3 extension of either F or a quadratic extension of F. In the special case of quadratically closed fields, if αdlog(β) ∧ dlog(γ) = 0, then they share an inseparable degree 3 extension of F.
Introduction
There are several different levels of how closely related two division algebras are to each other. The closest connection is being isomorphic. Nonisomorphic algebras can still have something in common, namely a maximal subfield, in which case we say the algebras are "linked". If they do not share a maximal subfield, the algebras are nonlinked. For quaternion algebras Q 1 and Q 2 over a field F, the index of Q 1 ⊗Q 2 measures the strength of the connection -being 1 when they are isomorphic, 2 when they are nonisomorphic but linked, and 4 when they are non-linked. The linkage properties of quaternion algebras over a given field show strong connections to the arithmetic properties of the field, such as the u-invariant (see [3] , [5] and [7] for reference).
The story becomes more complicated for division symbol p-algebras of prime degree p over fields F of char(F) = p. Such algebras admit the structure [α, β) p,F = F x, y : x p − x = α, y p = β, yxy −1 = x + 1 for some α ∈ F and β ∈ F × such that α ℘(F) = {λ p − λ : λ ∈ F} and β is not a norm in the field extension F[℘ −1 (α)]/F. For two such algebras, A 1 and A 2 , we say that they are "cyclically linked" if they share a cyclic degree p extension of F, in which case one can write A 1 = [α, β 1 ) p,F and A 2 = [α, β 2 ) p,F for some α, β 1 , β 2 . We say the algebras are "inseparably linked" if they share a purely inseparable degree p extension of F, in which case one can write A 1 = [α 1 , β) p,F and A 2 = [α 2 , β) p,F for some α 1 , α 2 , β. In [1] it was proven that inseparable linkage implies cyclic linkage, and examples were provided to demonstrate that the converse is in general false.
We say that the algebras are totally cyclically (or inseparably) linked if they share all cyclic (purely inseparable) degree p field extensions of F. Examples of non-isomorphic totally cyclically linked algebras appear in [4] , where it is also shown that total cyclic linkage and total inseparable linkage are independent properties that do not imply each other. One can outline the story in the following diagram
Clearly totally inseparable linkage implies cyclic linkage. The missing part in this puzzle is whether total cyclic linkage implies inseparable linkage.
In this paper we tackle the two problems:
1. Find a sufficient condition for cyclically linked division symbol p-algebras to be inseparably linked.
Does total cyclic linkage imply inseparable linkage?
We provide answers to both problems in the case of p = 3 for quadratically closed fields of characteristic 3. Note that answers to both problems exist in the literature for p = 2: Problem 1 was answered in [8] and [6] and Problem 2 in [2] .
Kato-Milne Cohomology
Assume F is a field of characteristic p > 0. For n > 0, the Kato-Milne Cohomology group H n+1 p (F) is defined to be the cokernel of the Artin-Schreier map
In particular,
.4]). The isomorphism is given by the map
The elements of H 3 p (F) seem to be connected to linkage properties. For p = 2, the quaternion algebras [α, β) 2,F and [α, γ) 2,F are inseparably linked if and only if αdlog(β) ∧ dlog(γ) is trivial in H 3 2 (F) (see [6, Theorem 5.3] ). The goal of this paper is to provide an analogous result for p = 3. The following known result will be useful in our study: 
, which is the norm form of [α, β) 2,F .
Linkage of Symbol p-Algebras of Degree 3
Here we state the main results of the paper which deal with sufficient conditions for inseparable linkage.
Consider the maps f 1 and f 2 from K to F defined by f 1 (λ) = Tr(λr), and
The equation f 1 (λ) = 0 is a linear equation on L. The space of solutions is either a two-dimensional F-subspace of L or the entire field L (when the equation is trivial). In either case, the space of solutions contains a two-dimensional F-subspace V of L. The restriction of f 2 to V is a two-dimensional quadratic form over F. This form has a root either in F or in a quadratic extension E of F, which means that there exists a nonzero λ ∈ E for which Tr(λr) = σ(λr) = 0. The element z = λr therefore generates a purely inseparable field extension of
In the opposite direction, suppose there exists
where E is either F or a quadratic extension of F. Then the algebra can be written as [δ, N L/E (λ)γ) 3,E for some δ ∈ E. Then a straight-forward computation shows that αdlog(β) ∧ dlog(γ) = 0:
If E = F this means exactly that αdlog(β) ∧ dlog(γ) is trivial in H 3 3 (F). If E is a quadratic extension of F, it means that the restriction of αdlog(β)∧dlog(γ) to E is trivial in H 3 3 (E). However, the corestriction back to F of this restriction to E is 2αdlog(β) ∧ dlog(γ), which is trivial in H 
(F) if and only if there exists
Proof. The statement follows from Theorem 3.1, given the assumption that F is quadratically closed, which means that the field E in the proof of that theorem cannot be a quadratic extension of F, and so E = F.
The implication on inseparable linkage is immediate: Proof. Since F is quadratically closed, the field L from the proof of Theorem 3.1 is a degree 3 inseparable extension of F. The statement then follows. Such fields can be easily constructed. For example, take the algebraic closure F 0 of any field of characteristic 3 (such as F 3 ), and look at the quadratic closure F of the function field F 0 (α, β) in two algebraically independent variables α and β. The field F is quadratically closed, of characteristic 3, has trivial H 3 3 (F), and admits different division symbol p-algebras of degree 3.
(F) then the algebras share a splitting field which is a degree inseparable extension of either F or a quadratic extension of F.

Proof. By Theorem 3.1, E[z
The following known result enables us to connect this to total separable linkage: 
Note on General Primes
General central simple algebras A of degree p over fields F also admit maps Tr, σ 2 , . . . , σ p−1 , N of degrees 1, 2, . . . , p − 1, p respectively such that each t ∈ A satisfies
Given a maximal subfield K of A and an element r ∈ A, one may also define (as in Theorem 3.
However, there is little hope that one should easily find a nonzero λ which annihilates all these forms at once, even if F is a p-special field. If such a thing could be done, it would solve (among other things) the cyclicity conjecture for such fields, stating that every division algebra of degree p over F is cyclic.
The converse statement
Apart from the natural questions of whether the main results generalize to arbitrary primes and whether we could do without the assumption that the field is quadratically closed in Theorem 3.4, one major issue that remains open is the following: 
